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Abstract
This paper is concerned with the large time behavior of solutions to two types of nonlinear diffusion equations with nonlinear
boundary sources on the exterior domain of the unit ball. We are interested in the critical global exponent q0 and the critical
Fujita exponent qc for the problems considered, and show that q0 = qc for the multi-dimensional porous medium equation and
non-Newtonian filtration equation with nonlinear boundary sources. This is quite different from the known results that q0 < qc for
the one-dimensional case.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction
In this paper, we consider the following two prototypes of nonlinear diffusion equations with nonlinear boundary
sources:
∂u
∂t
= um, (x, t) ∈ (RN \ B1(0))× (0, T ), (1.1)
∇um · ν = uq(x, t), (x, t) ∈ ∂B1(0) × (0, T ), (1.2)
u(x,0) = u0(x), x ∈RN \ B1(0), (1.3)
and
∂u
∂t
= div(|∇u|p−2∇u), (x, t) ∈ (RN \ B1(0))× (0, T ), (1.4)
|∇u|p−2∇u · ν = uq(x, t), (x, t) ∈ ∂B1(0) × (0, T ), (1.5)
u(x,0) = u0(x), x ∈RN \ B1(0), (1.6)
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P.Y.H. Pang et al. / J. Math. Anal. Appl. 343 (2008) 654–662 655where 0 < m < 1, 1 < p < 2, q  0, N  2, B1(0) is the unit ball in RN with boundary ∂B1(0), ν is the inward
normal vector on ∂B1(0), and u0(x) is a nonnegative, suitably smooth and bounded function with compact support
that satisfies the appropriate compatibility conditions.
It is seen that Eqs. (1.1) and (1.4) are degenerate at the points where u = 0 and ∇u = 0, respectively. These
prototype nonlinear diffusion equations have been studied widely (see the survey paper [13], the books [3,25] and
references therein). In particular, the local in time existence of their solutions and the comparison principle have been
established.
In the present paper, we mainly discuss the large time behavior of solutions to the problems (1.1)–(1.3) and (1.4)–
(1.6), such as global existence or finite time blow up. We recall that a solution u is said to blow up in finite time
0 < T < +∞ if
∥∥u(·, t)∥∥
L∞(Rn\B1) = sup
x∈Rn\B1
u(x, t) → +∞ as t → T −.
We also recall the concepts of the critical global exponent q0 and critical Fujita exponent qc as follows:
(i) All solutions exist globally in time if 0  q < q0, while there exists at least one solution that blows up in finite
time if q > q0;
(ii) Every nontrivial solution blows up in finite time if q ∈ (q0, qc), while there exist both global solutions (with small
initial data) and blow-up solutions (with large initial data) when q > qc.
Since the pioneering work on critical exponents by Fujita for the Cauchy problem of the heat equation with interior
source in 1966 [7], many results of Fujita type have been obtained for numerous partial differential equations and
systems (such as quasilinear parabolic equations, higher-order diffusion equations, nonlinear wave equations, etc.) in
various geometries (such as whole space, cones, sectorial domains in R2, orthant domains, complement of bounded
domains, etc.). We refer to the survey papers [2,15] and references therein, and also the recent papers [5,9,16–22,26].
When the nonlinear source appears on the boundary, many results of Fujita type have been obtained for the heat
equation (see for example [1,6,10,11]), but not much progress has been made for nonlinear diffusion equations until
recently.
It was Galaktionov and Levine who first studied the critical exponents for nonlinear diffusion equations with non-
linear boundary sources [8]. They proved that q0 = (m + 1)/2, qc = m + 1 and q0 = 2(p − 1)/p, qc = 2(p − 1),
respectively, for the equations ut = (um)xx and ut = (|u′|p−2u′)′ in the half space with boundary conditions
−(um)x(0, t) = uq and −|u′|p−2u′(0, t) = uq , where m > 1, p > 2. Later, these results for slow diffusion equa-
tions were extended to fast diffusion problems. For example, Ferreira et al. [4] proved that the critical exponents q0
and qc in [8] do not change if m > 1 is replaced by 0 < m < 1; and Jin and Yin [12] proved that the results for p > 2
in [8] are also valid for the case 3/2 < p < 2. In fact, the latter result is still true for all 1 < p < 2 (see Theorem 3.1
in Section 3 below). However, for the multi-dimensional nonlinear diffusion equations with nonlinear sources, many
open questions remain.
Recently, Wang et al. [23,24] studied the problems (1.1)–(1.3) and (1.4)–(1.6) with slow diffusion, i.e., m > 1 and
p > 2, in the multi-dimensional case for the radially symmetric domain comprising the complement of the unit ball.
They proved that q0 = qc = m and q0 = qc = p − 1, respectively, for these problems if some conditions on the spatial
dimension are satisfied. In this paper, we show that the phenomenon that the critical exponents q0 and qc coincide for
slow diffusion also occurs in fast diffusion, but their values differ from the slow diffusion case.
To be more precise, for the problem (1.1)–(1.3), we have
q0 = qc = m + 12 (1.7)
if N > 2; and for the problem (1.4)–(1.6), we have
q0 = qc = 2(p − 1)
p
(1.8)
if N  2. It is noted that the results above are quite different from the result that q0 < qc for the case N = 1 [4,8,12].
On the other hand, these results are consistent with the linear problem, i.e., m = p = 1, where q0 = qc = 1 [10].
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and (1.8) can be extended to the following more general problems:
∂
∂t
(|x|λ1u)= div(|x|λ1∇um), (x, t) ∈ (RN \ B1(0))× (0, T ), (1.9)
∇um · ν = uq(x, t), (x, t) ∈ ∂B1(0) × (0, T ), (1.10)
u(x,0) = u0(x), x ∈RN \ B1(0), (1.11)
with λ1 > 2 − N , N  1, and
∂
∂t
(|x|λ2u)= div(|x|λ2 |∇u|p−2∇u), (x, t) ∈ (RN \ B1(0))× (0, T ), (1.12)
|∇u|p−2∇u · ν = uq(x, t), (x, t) ∈ ∂B1(0) × (0, T ), (1.13)
u(x,0) = u0(x), x ∈RN \ B1(0), (1.14)
with λ2 > p − N , N  1.
The rest of this paper is arranged as follows: In Section 2, we look at the problems (1.1)–(1.3) and (1.9)–(1.11).
In Section 3, we first extend the results of [12] in the one-dimensional setting to the parameter values 1 < p < 2, and
then look at the multi-dimensional problems (1.4)–(1.6) and (1.12)–(1.14).
2. Porous medium equations
In this section, we consider the large time behavior of the solutions to the porous medium equations with nonlinear
boundary sources, i.e., (1.1)–(1.3) and (1.9)–(1.11).
Our main results are as follows:
Theorem 2.1. For the problem (1.1)–(1.3) with N > 2, we have
q0 = qc = (m + 1)/2.
In other words, if q < (m + 1)/2, then all solutions to (1.1)–(1.3) exist globally; if q > (m + 1)/2, then the solutions
with large initial data blow up in finite time, while the solutions with small initial data exist globally.
Theorem 2.2. Assume λ1 > 2 − N , N  1. For the problem (1.9)–(1.11), we have
q0 = qc = (m + 1)/2.
Since the proofs of these two theorems are similar, we shall give the proof of Theorem 2.1 only.
First, we note Eq. (1.1) is degenerate at the points where u(x, t) = 0, and classical solutions may not exist generally.
It is therefore necessary to consider weak solutions in the following sense:
Definition 2.1. A nonnegative function u is called a (weak) solution of the problem (1.1)–(1.3) in (0, T ) with 0 <
T +∞ if
u ∈ C([0, T ),Lmloc(Rn \ B1))∩ L∞loc(0, T ;L∞(Rn \ B1))
and the integral identity
T∫
0
∫
Rn\B1
u
∂ϕ
∂t
dx dt +
T∫
0
∫
Rn\B1
um · ϕ dx dt +
T∫
0
∫
∂B1
uqϕ dσ dt
−
T∫
0
∫
∂B1
um
∂ϕ
∂ν
dσ dt +
∫
Rn\B1
u0(x)ϕ(x,0) dx = 0
is satisfied for any function ϕ ∈ C2(Rn \ B1 × [0, T ]) that vanishes when t = T or when |x| is sufficiently large.
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be established by using the standard theory of parabolic equations (see e.g. [3,13,14,25]), if u0(x) is a nonnegative,
smooth function with compact support and satisfies suitable compatibility conditions.
To prove Theorem 2.1, we will first establish some preliminary results.
Let r = |x| and consider the problem
∂u
∂t
= ∂
2um
∂r2
+ α
r
∂um
∂r
, (r, t) ∈ (1,+∞) × (0, T ), (2.1)
−∂u
m
∂r
(1, t) = uq(1, t), 0 < t < T, (2.2)
u(r,0) = u0(r), r ∈ (1,+∞), (2.3)
where α = N −1 > 1, and u0(r) is a nonnegative, nontrivial function with compact support. It is seen that the solution
to the problem (2.1)–(2.3) is also a solution to (1.1)–(1.3) if u0(x) is radially symmetrical. We will first study the large
time behavior of solutions to (2.1)–(2.3).
Proposition 2.1. If q < (m + 1)/2, then every nonnegative, nontrivial solution of (2.1)–(2.3) exists globally.
Proof. Similar to Theorem 1.1 in [4], the proposition can be proved by constructing a class of global upper solutions
of the form
u(r, t) = eLt(K + e−Mη)1/m, η = reJ t ,
where J = L(1 − m)/2, L = (K + 1)(q−1)/(2m), M = (K + 1)q/m and K > 0. It is not difficult to verify that if
K max{‖u0(r)‖L∞ ,1}, u(r, t) is a global upper solution to the problem (2.1)–(2.3). We refer to [4] for details. 
Proposition 2.2. There exist nonnegative, nontrivial and global solutions of (2.1)–(2.3) with small initial data for all
q = m and α > 1.
Proof. First, we consider steady-state solutions
u(r, t) = v(r), (r, t) ∈ (1,+∞) × (0, T ),
of (2.1)–(2.3). Let
v(r) = w1/m(r), r > 1.
A simple calculation shows that w(r) satisfies
(
rαw′(r)
)′ = 0, r > 1, and −w′(1) = wq/m(1),
which implies that
w′(r) = −Aq/mr−α, r > 1,
with A = w(1). Integrating the above equality yields
w(r) = A − Aq/m
r∫
1
1
yα
dy = A − A
q/m
α − 1 +
Aq/m
α − 1 r
1−α, r > 1.
Take A = (α − 1)m/(q−m). Then A − Aq/m/(α − 1) = 0 and
w(r) = (α − 1)m/(q−m)r1−α > 0, r > 1.
Therefore, the bounded positive function
v(r) = w1/m(r) = (α − 1)1/(q−m)r(1−α)/m, r > 1,
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u0(r) which is small enough to satisfy
u0(r) v(r), r > 1,
the solution of the problem (2.1)–(2.3) exists globally in time. 
Proposition 2.3. If q > (m + 1)/2, then solutions of (2.1)–(2.3) with sufficiently large initial data blow up in finite
time for all α  0.
Proof. The proposition will be proved by constructing blow-up lower solutions to (2.1)–(2.3) in the form
u(r, t) = (T − t)−μϕ(ξ), ξ = r − 1
(T − t)β ,
where
μ = 1
2q − (m + 1) , β =
q − m
2q − (m + 1) = (q − m)μ.
Obviously, for m < 1, q > (m + 1)/2 implies q > m, and hence μ > 0 and β > 0. Thus, u(r, t) is a lower solution of
(2.1)–(2.3) provided ϕ(ξ) satisfies the inequalities
(
ϕm
)′′
(ξ) + α(T − t)
β
r
(
ϕm
)′
(ξ) − βξϕ′(ξ) − μϕ(ξ) 0, (2.4)
−(ϕm)′(0) ϕq(0). (2.5)
Note that α(T − t)β/r  α(T − t)β  αT β for r > 1. Thus, if ϕ′(ξ) 0, the inequality (2.4) holds provided that(
ϕm
)′′
(ξ) + αT β(ϕm)′(ξ) − βξϕ′(ξ) − μϕ(ξ) 0. (2.6)
In the following, we will show that there exist a,T and γ > 1, such that the function ϕ(ξ) = (a − T βξ)γ+ satisfies
(2.6) and (2.5). (Clearly, ϕ′(ξ) 0.)
Substituting the above ϕ(ξ) into (2.6), we have
mγ (mγ − 1)T 2β(a − T βξ)mγ−2 − αmγT 2β(a − T βξ)mγ−1 + βξγ T β(a − T βξ)γ−1 − μ(a − T βξ)γ  0.
Noticing that the third term on the left-hand side is nonnegative, we see that the above inequality is valid only if
mγ (mγ − 1)T 2β(a − T βξ)mγ−2 − αmγT 2β(a − T βξ)mγ−1 − μ(a − T βξ)γ  0.
Now we will show that there exists a constant a such that
1
2
mγ (mγ − 1)(a − T βξ)mγ−2  αmγ (a − T βξ)mγ−1, (2.7)
1
2
mγ (mγ − 1)T 2β(a − T βξ)mγ−2  μ(a − T βξ)γ . (2.8)
Clearly, (2.7) and (2.8) imply (2.6), and thus (2.4). At the same time, to satisfy the condition (2.5), we also require
a,T , γ to satisfy
mγT βamγ−1  aqγ , i.e., mγ T β  a1+(q−m)γ .
Take
a = (mγT β)1/[1+(q−m)γ ].
Then the above inequality, and hence (2.5), is satisfied.
Note that mγ − 1mγ/2 for γ > 2/m. Thus (2.7) is satisfied if
1
mγ > αa = α(mγT β)1/[1+(q−m)γ ].4
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T β 
(
1
4α
)1+(q−m)γ
(mγ )1/[(q−m)γ ].
Finally, (2.8) is satisfied if
1
4
(
mγT β
)2  μa2+(1−m)γ = μ(mγT β)[2+(1−m)γ ]/[1+(q−m)γ ],
i.e.,
1
4μ

(
mγT β
)[2+(1−m)γ ]/[1+(q−m)γ ]−2 = (mγT β)−γ [2q−(m+1)]/[1+(q−m)γ ].
As q > (m + 1)/2, this last inequality is clearly satisfied for large γ . The proof is thus complete. 
Remark 2.1. It is seen from Propositions 2.1–2.3 that, for the problem (2.1)–(2.3) with α > 1, q0 = qc = (m + 1)/2.
Proof of Theorem 2.1. As the function u0(x) has compact support, we can choose a bounded, radially symmetrical
and bounded function, denoted by u1(x) = u1(|x|)  u0(x). By using Proposition 2.1 and the comparison princi-
ple, we can establish global existence for the problem (1.1)–(1.3). At the same time, the comparison principle and
Proposition 2.3 applied to large and radially symmetric initial data u2(x) = u2(|x|) u0(x) establishes blow up for
q > (m + 1)/2 for (1.1)–(1.3). This establishes the critical global exponent q0 = (m + 1)/2.
On the other hand, using the comparison principle, we see that the solution of (1.1)–(1.3) with
u0(x) (λ1 + N − 2)1/(q−m) 1|x|λ1+N−2
exists globally for q = m from Proposition 2.2. This combined with Proposition 2.3 establishes the critical Fujita
exponent qc = (m + 1)/2. 
3. Non-Newtonian filtration equations
In this section, we study the critical exponents for the non-Newtonian filtration equations with nonlinear boundary
sources.
In the following, we first study the critical Fujita exponent for the one-dimensional non-Newtonian filtration equa-
tion, namely,
∂u
∂t
= ∂
∂x
(∣∣∣∣∂u∂x
∣∣∣∣
p−2
∂u
∂x
)
, (x, t) ∈ (0,+∞) × (0, T ), (3.1)
−
∣∣∣∣∂u∂x
∣∣∣∣
p−2
∂u
∂x
(0, t) = uq(0, t), 0 < t < T, (3.2)
u(x,0) = u0(x), x ∈ (0,+∞), (3.3)
where 1 < p < 2, q  0. In [12], the authors studied the above problem with 3/2 < p < 2, and proved that
q0 = 2(p − 1)/p, qc = 2(p − 1).
We will extend their result to the range 1 < p < 2.
Theorem 3.1. For the problem (3.1)–(3.3), all nonnegative solutions exist globally in time if q < 2(p − 1)/p; non-
negative nontrivial solutions blow up in finite time if 2(p − 1)/p < q < 2(p − 1); for q > 2(p − 1), those solutions
with sufficiently large initial data blow up in finite time, while those with small initial data exist globally in time.
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except for the last conclusion in Theorem 3.1. Thus we will only show that solutions with small initial data exist
globally for q > 2(p − 1).
The proof will be completed by constructing upper solutions of the form
u(x, t) = (T + t)−μg(η), η = x
(T + t)β ,
where
μ = 1
pq − 2(p − 1) , β =
q − (p − 1)
pq − 2(p − 1) =
(
q − (p − 1))μ,
and g(η) satisfies
(∣∣g′(η)∣∣p−2g′(η))′ + βηg′(η) + μg(η) 0, (3.4)
−∣∣g′(η)∣∣p−2g′(0) gq(0). (3.5)
Let g(η) = Bf (η + b), with
f (ζ ) = Dp
(
dp/(p−1) + ζp/(p−1))−(p−1)/(2−p)+ , ζ > 0,
where b and d are constants to be determined and
Dp =
(
1
2(p − 1)
(
p − 1
p
)p−1)1/(p−2)
.
We will show that the above g(η) satisfies (3.4) and (3.5). Substituting g(η) into (3.4), and writing ζ = η + b, we
obtain
−
(
1 − Bp−2
2 − p
)
ζp/(p−1) + p(q − p + 1)
(2 − p)[pq − 2(p − 1)]bζ
1/(p−1)
− dp/(p−1)
(
Bp−2
2(p − 1) −
p − 1
pq − 2(p − 1)
)
 0, ζ > b. (3.6)
Write
e1 = 1 − B
p−2
2 − p ,
e2 = p(q − p + 1)
(2 − p)[pq − 2(p − 1)] ,
e3 = B
p−2
2(p − 1) −
p − 1
pq − 2(p − 1) ,
then (3.6) can be written as
F(ζ ) = −e1ζp/(p−1) + e2bζ 1/(p−1) − e3dp/(p−1)  0.
Since q > 2(p − 1), there exists B such that
2(p − 1)2
pq − 2(p − 1) < B
p−2 < 1,
and ei > 0, i = 1,2,3.
Now, F(ζ ) attains its maximum at ζ ∗ = be2/(pe1). Clearly, F(ζ ) 0 for ζ > b if F(ζ ∗) 0, i.e.,
F
(
ζ ∗
)= bp/(p−1)
[
e2
(
p − 1
p
)(
e2
pe1
)1/(p−1)
− e3κp/(p−1)
]
 0,
where κ = d/b. It is easily seen that this inequality is satisfied if
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(p − 1)e2
pe3
)(p−1)/p(
e2
pe1
)1/p
.
It remains to verify that g(η) satisfies the condition (3.5); namely,
(BDp)
p−1
(
p
2 − p
)p−1(
dp/(p−1) + bp/(p−1))−(p−1)/(2−p)(η + b)
 (BDp)q
(
dp/(p−1) + bp/(p−1))−q(p−1)/(2−p)+ .
Recall that d = κb, then the above inequality holds provided that
(BDp)
q−(p−1)
(
p
2 − p
)p−1
b[pq−2(p−1)]/(2−p) 
(
κp/(p−1) + 1)(1−q)(p−1)/(2−p).
Noticing that q > 2(p − 2) > 2(p − 1)/p, we have 1 − p(1 − q)/(2 − p) > 0. Thus, (3.5) is satisfied by taking b
large enough. This completes the proof. 
Finally, we consider the problems (1.4)–(1.6) and (1.12)–(1.13). Our main result is as follows:
Theorem 3.2. For the problem (1.4)–(1.6) with N  2, and the problem (1.12)–(1.14) with λ2 > p − N , N  1, we
have
q0 = qc = 2(p − 1)
p
.
The proof of Theorem 3.2 is the same as that of Theorem 2.1. We will omit the details.
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